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by the previous workers. The unique assemblage of independent sets of ana-
lyses permits evaluation of both the sampling problems and the different
methods of assessing the three-dimensional variability of the granite mass.
The available data do not readily permit statistical discrimination of the petro-
graphically- and petrogenetically-significant zones that have previously been
appropriately (but subjectively) delineated by the integration of numerous
attributes that cannot be measured with existing techniques. The urgent need
to identify and measure those variables critical to evaluating particular de-
scriptive and genetic granite problems is emphasized. It is concluded that,
on the basis of the available modal and chemical data, Q-mode factor analysis
maps provide the best available method of remapping the zones previously
identified in the Malsburg Granite; this results, in part, from the simultaneous
use of numerous vatiables.

E. H. Timothy Whitten, Department of Geological Sciences, Northwestern University,
Evanston, 1llinois 60201, U.S.A.

* Presented orally at Pfibram, Czechoslovakia, in October, 1970, as an invited paper, Section of Mathematical
Methods in the Earth Sciences of the *Mining P#ibram in Science and Technics, 1970’ and used as the basis of two
lectures in the Department of Geology and Mineralogy, University of Helsinki in April, 1971.



48 E. H. Timothy Whitten

CONTENTS

Introduction
Numerical Models and sampling
Objectives of the paper

New chemical analyses

The three independent sets of chemical analyses .......

Discrimination of zones within the Malsburg Granite

Trend-surface maps for a single dependent variable

Mapping several variables simultaneously ...........

Concluding statement

References

Introduction

Controversy about the genesis of granitoid
rocks has continued for many decades without
the emergence of laws that would permit a field
geologist to identify unequivocally the correct
petrogenetic model for a particular complex.
Commonly, # different magmatic and/or replace-
ment petrogenetic models can be visualized for
a specific granitoid mass. In fact, however, al-
though many identifiable discrete petrogenetic
steps may have been involved, there is only one
correct genetic model for each specific mass. It is
legitimate to enquire which (if any) actual charac-
teristics of a granitoid mass permit adequate
discrimination between the true and the various
false genetic hypotheses.

In the geological study of a new area of varied
rocks, considerable time may be spent collecting
miscellaneous information about numerous dif-
ferent variables. By manipulation of the as-
sembled data some interesting results may emerge
that could be considered the ’objective’. How-
ever, if the objective of the research is defined
carefully at the beginning of the study, data for
variables of specific significance to that problem
could be collected. Most studies of granitic
complexes are embellished with a few chemical
and/or modal analyses of selected samples —

Prediction models for the variability of the Malsburg Granite
Prediction models without mapped results ..........

ACKDOWICABEIICHES oo iinies lruso ais foie b oo . B Al s

variables that have traditionally been measured
and recorded in a quantitative manner. If the
study objective is purely descriptive, it would be
reasonable to enquire whether a published set of
analyses permits the reader to develop an ac-
curate three-dimensional picture that is adequate
to assess the degree of similarity with other rock
units. On visiting a granitic complex described
in the literature, it is a common experience to
find it different from the mental picture devel-
oped from the description; in such cases, seeing
the rocks in the field is vital to obtaining a
’complete’ impression.

A mineralogist can describe properties of a
crystal in such a way that a scientist on another
continent can be sure (within reasonable con-
fidence limits) whether his material is the same
or not. Petrologists are in a far less enviable
position. If geology is a branch of physical
science, petrologists must become able to com-
municate descriptive results in an unequivocal
manner so that published results and observa-
tions can be reproducible (as can results and
experiments of chemists and physicists.) The
task is great because rock units are such complex
systems. However, the alternative leads to chaos.

Experimental silicate geochemistry has led to
many significant advances in granite petrology.
However, in the course of field and laboratory
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studies of granitoid complexes, the most highly
respected petrologists integrate mentally many
properties that are rarely expressed objectively;
interpretation of a new mass is based on their
integrated experience. Clearly, many more fea-
tures are appraised by the experienced petrologist
than are recorded in a published description. To
acquire similar competence, an aspiring geologist
needs to see the same sequence of exposures and
to emphasize mentally the same subjectively-
evaluated features. Such wide experience is not
available to all and the experience cannot be
tested objectively or scientifically — it is an out-
dated approach inappropriate to a physical
science. In fact, each feature of an outcrop or a
thin section can be described in terms of opera-
tional definitions that would ensure that any
scientist could replicate measurements. Increased
technological competence now permits the com-
positional variability of chemical elements to be
measured very accurately (and to be considered a
necessary component of many petrological and
petrographic papers). It is incredible, however,
that there are still no standard, precise, opera-
tional definitions for the more obvious petro-
properties
rocks (e.g., texture, grain size, jointing, xenolith
content), and that such properties remain un-

graphically-important of igneous

mapped and very difficult to describe for scientific
communication. The three-dimensional variabil-
ity of hundreds of chemical, modal, mineral-
ogical, optical, textural, and structural features of
a granitoid mass could be objectively described.
It is clearly unrealistic to determine the spatial
variability of them all. If the objective of the
study is petrogenetic, only those variables that
permit discrimination between the several petro-
genetic models may be worthy of study. Un-
fortunately, the variables most significant for
such discrimination are, in general, unknown.
It is likely that the variables classically recorded
in papers (e.g., quartz volume per cent., CaO
weight per cent., normative albite) may be ex-
tremely inefficient discriminants (¢f., Chayes and

. Velde, 1965).
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If the three-dimensional distribution of the
significant mineralogical, chemical, and textural
components were known, it should be realistic
to develop conceptual petrogenetic models for
lithic units. When attempting to define the best
mathematical model for a particular earth-
science problem, it is becoming standard practice
to approximate the available quantitative and
qualitative data with the best current model and
then to examine critically both the fit and the
anomalous departures of the observed data from
the model estimates. In deterministic situations,
the anomalies are likely to be minor. In geological
contexts, however, the deviations commonly ac-
count for large and significant proportions of the
total observed variability. If the data are wholly
adequate and appropriate to the problem, but
the model is inadequate, successive modifications
should achieve progressively more efficient
models; at each iteration, critical reappraisal of
anomalous samples can be expected to give con-
siderable insight into the nature and significance
of minor geological features that are largely
masked by the regional patterns of variability.

Numerical models and sampling

The general availability of computers has per-
mitted numerous quantitative and mathematical
techniques to be applied to many aspects of
economic geology and to the petrologic and
petrographic study of individual rock complexes.
This is a significant advance for geology if, as
has been suggested (Griffiths, 1962, p. 565),
»Progress in scientific investigation in any spe-
cialized field is generally measured by the degree
to which the subject is pervaded by mathemat-
ics.» However, the value of this technology
depends upon the quality and significance of the
data used for the mathematical analyses.

Unfortunately, this widespread availability of
computer-based techniques for manipulating and
analyzing data has tended to distract attention
from the nature and meaning of the original
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data. Commonly, insufficient attention has been
given to the appropriateness of both the variables
and the sampled population (for which the data
are available), in relation to the target population
of interest. When an array of numerical values
has been obtained, it is not unusual to associate
with it a subjective feeling of accuracy and
correctness (especially after it has been processed
and transformed into a new tabular or map
format), that may be wholly unwarranted. Fre-
quently, it is difficult or impossible to evaluate
the geological significance of available data, al-
though the geologist is commonly tempted to
extrapolate and/or interpolate on the basis of
available numerical values. In doing this, statis-
tical techniques are frequently used after collec-
tion of data in an essentially arbitrary manner;
at best, this tends to be inefficient and, at worst,
it is completely ineffective (¢f., Griffiths, 1962,
p. 567).

Analytical data are developed for specimens
collected from a sampled population but, in al-
most all geological situations, such observations
do not permit statistical inferences to be made
about the target population (Whitten, 1961). The
numerous current statistical techniques can be
used to analyze a data set fully and confidence
levels can be associated with statements about
the data. It may also be possible to make
meaningful geological statements about the tar-
get population of interest on the basis of the
sampled-population data, but such statements
must rely on geological interpretation, rather
than on statistical inference. Despite this in-
herent limitation, it has become common practice
in routine petrographic studies to erect petro-
genetic and/or economic hypotheses on the basis
of a limited set of objective data augmented by
subjectively-appraised attributes. The raw quan-
titative data for granitic complexes, for example,
are relatively difficult and/or expensive to obtain.
Despite the availability of the so-called rapid
methods of chemical analysis and the demon-
stration that abundant, very accurate, and precise
data can be obtained (e.g., Baird, ez al., 1967,

Chappell, 1966, Rhodes, 1970), for economic
reasons many geologists are still obliged to rely
on a limited number of analytical results.

In a few petrographic studies, very detailed
sampling and analytical programs have per-
mitted realistic models to be erected for the
specified target population. In most cases, how-
ever, very limited information is available about
the levels of variance of each of the several
hundred variables that could be measured. Be-
cause different variables in a particular lithic
unit tend to have dissimilar levels of variance,
different sampling plans are, in general, needed
to establish (to the same degree of confidence)
the variability pattern of each variable. Hence,
it becomes very difficult, if not impossible, to
determine whether the apparent pattern (es-
tablished on the basis of available data for a
lithic unit) and any local anomalies reflect errors
or sampling and/or analytical inadequacies. Ap-
parent anomalies could indicate an inadequate
model requiring modification, or that the ana-
lytical data for the sampled population are an
inadequate source of information about the target
population of interest.

An example is appropriate. In constructing a
trend-surface map for, say, modal quartz per-
centage in 50 granite samples, the sum of squares
reduction (possibly tested with a F test) and a
confidence band may indicate a very ’good’
surface for describing the data set. Despite the
apparently-excellent statistical tests, the surface
could be a wholly misleading descriptor of the
target population; such a situation could arise
if each mode were based on a single, small thin
section of samples collected from a granite mass
seen to be heterogenous in outcrop, where the
geologist has defined the target population as
all of the 3 m? unit areas that comprise the
mapped surface area of the granite. Statistical
manipulation cannot transform inappropriate
data into a true image of the target population.
Where the same samples have been used for
measuring different variables, the significance of
the values for each variable will, in general, be
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dissimilar because in samples of a given size the
variance of each variable tends to be different.
Commonly, inadequate data are difficult to eva-
luate and acknowledge.

Objectives of the paper

In most geological studies replicate sets of
both samples and analytical data are not available.
However, continuing study of the Malsburg
Granite in the southern Black Forest, SW.
Germany, has provided several sets of inde-
pendently-derived data. Each set could, in com-
mon usage, be the basis of petrographic and
petrogenetic models. Withont in any way implying
criticism of the results already published, it is intended
to draw attention to the dissimilarity of these
»apparently-adequate» sets of data and to the
inherent difficulty of using any one of them as
a basis for testing or confirming the excellent
petrogenetic models developed and refined by
very competent petrologists (who have inte-
grated extensive subjective and objective field
and laboratory experience.) Such a discussion of
the sampling and/or analytical problems inherent
in all, or some, of the sets of analyses could be
discouraging. However, more positive con-
clusions should be drawn. It is the purpose of
this paper to emphasize the extreme importance
of two fundamental factors in petrology that
have been almost wholly ignored. First, that
extreme caution must be used in basing con-
clusions on numerical data for which full in-
formation about levels of variance for each
variable are not known; the levels of variance
of each studied variable are commonly unknown,
but are of fundamental importance for devizing
a statistically-appropriate sampling plan and for
interpreting the significance of an available data
set. Second, because petrologists place great im-
portance on many textural and structural charac-
ters, it is imperative that such features be objecti-
vely described in terms of precise operational
definitions; this will permit these important fea-

tures to be incorporated within statistically-
adequate sampling procedures that are a pre-
requisite to scientific study of rock units. In this
paper, it is intended to draw attention to some
of the problems that arise when these types of
information are not available. It is hoped that
this will serve as a challenge to petrographers
where it is desired to obtain #he answer, rather
than 4z answer.

Finally, it is suggested that, where complete
variance information is not-available and a com-
pletely satisfactory sampling scheme is not avail-
able, maps based on multivariate Q-mode factor
analysis can portray the spatial variability of a
granite mass more realistically than maps show-
ing the regional and local variability of individual
variables. Although having a general resemblance
to the published models for the Malsburg
Granite, the Q-mode maps show significant
differences that must have importance in any
petrogenetic study of the complex.

Available data for the Malsburg Granite

The petrography and petrogenesis of the Mals-
burg Granite have received considerable atten-
tion in the past (e.g., Schroder, 1929; Mehnert
and Willgallis, 1957; Zimmerle, 1958; Mehnert,
1963; Barthel and Mehnert, 1970; Willgallis,
1970). Mehnert (1960) and Mehnert and Will-
gallis (1961) published K,0 and Na,O weight
percentage values and geographical grid locations
for 120 samples of the granite and Whitten (1962;
1963) used polynomial trend-surface analysis to
evaluate the three-dimensional spatial variability
of these valuable data. Leible (1959) had eatlier
published thorium and uranium analyses for 16
localities and thorium plus uranium radiation
values for these and for 47 additional sites. An
excellent series of detailed modal variation maps
based on micrometric analyses was given by
Rein (1955, 1961); most of his specimens were
collected from the same localities as those used
by Mehnert and Willgallis (1961).

Hahn-Weinheimer and Ackermann (1963)
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Fig. 1. Manual contours for positive deviations from the degree 3 polynomial trend surfaces computed for

110 K,O and Na,O weight percentage analyses of Malsburg Granite samples published by Mehnert and

Willgallis (1961); the sample numbers are those used by Rein (1961), Mehnert and Willgallis (1961), and
throughout this paper. Contours at 0, 0.1, 0.3, and 0.5 per cent.

used X-ray fluorescence analyses to estimate the
local heterogeneity of K and Ti weight percent-
ages, and of Zr, P, Sr, Ba, and Rb p.p.m. in the
Malsburg Granite. On the basis of samples from
90 of Mehnert and Willgallis” (1961) and Rein’s
(1961) localities, Hahn-Weinheimer and Acker-
mann (1967) prepared maps of equal concentra-
tion of these same elements and for Na weight
percentage (determined by neutron activation
analysis).

A polynomial regression model (Whitten,
1962) for K,O and Na,O revealed marked auto-
correlation of the deviations (Fig. 1). The linear
bands of positive and negative deviations raised
the question of whether distinct local geological
features occur in the granite and account for
the departures of the observed alkali values from
the computed model; the patterns are reminiscent
of the palimpsestic ghost stratigraphy described
in the »older granite» of Donegal (Whitten,
1960). However, when the maps for the Malsburg
Granite were published, no attempt had been
made to re-examine the anomalous sample locali-
ties in the field. The present research was origi-

nally aimed at determining the significance of
these deviation patterns. In 1962, the present
author collected specimens from many of the
localities defined by Mehnert and Willgallis
(1961) and Rein (1961); emphasis was placed on
localities that define the deviations shown in
Figure 1. The ten major oxides and specific
gravity were determined for samples from 37
of these localities; the analyses (Table 1) have
not been published previously.

Available analytical data for the Malsburg
Granite is unique. Because the granite outcrops
in an area of considerable relief, significant
advantages stem from considering the three-
dimensional, in addition to the geographical,
variability. Modal analyses (Rein), three inde-
pendent sets of partial chemical analyses(Mehnert
and Willgallis, Hahn-Weinheimer and Acker-
mann, and Whitten), and norms and specific
gravity values (Whitten) are all available for the
same 37 grid locations. These data permit in-
teresting comparisons to be made. As with data
in most published petrographic studies, there is
little alternative to giving equal statistical signi-
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ficance and authenticity to each analytical value,
unless the actual sample sites can be visited by
the reader. The Malsburg Granite sample sites
are probably not unique in having distinct dis-
similarities (as described in a later section).

New chemical analyses

The Malsburg Granite is poorly exposed;
much of the outcrop area is open pastoral or
arable land and part is forested. The geographic
coordinates published by Mehnert and Willgallis
(1961, Table 16) and Rein (1961, Table 11) make
it relatively easy to locate almost all of their
outcrops; through the courtesy of Drs. Rein and
Ackermann, 1: 25 000 topographical maps show-
ing the actual sample localities were also avail-
able.

The field work and sampling in 1962 were
primarily directed towards establishing the sig-
nificance of the deviations (Fig. 1) from the
polynomial trend surfaces computed (Whitten,
1962) for Mehnert and Willgallis® (1961) K,O
and Na,O data. That is, specific search was made
in the field for any features that could partially
explain the autocorrelations reflected by the
deviation maps (Fig. 1). In view of the traditional
problems associated with quantitative analyses of
K,O and Na,O, significant deviations might be
anticipated to arise from analytical errors. High
variance at the outcrop or sample-size level or
even clerical errors might explain some of the
anomalies. However, in 1962, the strong auto-
correlation of deviations was thought to favor
an underlying, geological control of the local
anomalies.

At many outcrops the granite is very deeply
weathered. Care was taken to extract the freshest
available material with crow-bar and hammer.
Samples were not collected from any locality
the
granite was 7z situ. At several of the localities
associated with very large deviations in Figure
1, it proved impossible to find any outcrop

without carefully determining whether

and/or in situ material.

Selected samples were powdered at North-
western University and the new chemical ana-
lyses were completed in 1965 by Japan Ana-
lytical Chemistry Research Institute (Executive
Director: Dr Tamiya Asari). SiO,, Al,O,, CaO,
MgO, and P,O; were determined by gravimetric,
Fe,O, and FeO by volumetric, TiO, by photo-
metric, and Na,O and K,O by flame-photometric
methods. Hidden duplicates of six of the 37
samples were also analyzed at the same time.
As an added check on reproducibility, FeO was
reanalyzed for 10 samples (and ignition loss
determined for these samples), 8 samples were
reanalyzed for CaO, and 11 for both Na,O and
K,O. The complete analytical results are shown
in Table 1; four different analysts from Dr.
Asari’s laboratory were responsible for this work.
Dr. Asari (personal communication) assumed
that few analytical errors should be involved
with SiO,, MgO, CaO, Na,O, K,O and TiO,,
although he suggested that errors might be
anticipated with Al,O,, Fe,O;—FeO, and P,0O;
(which are calculated by differences). Additional
evidence for the confidence levels to be associated
with these chemical analyses is not available.
There is no reason to suppose that these analyses
are superior to others published for the Malsburg
Granite; they simply represent the type of
analyses commonly available and used in petro-
logical papers.

Ignition loss reported for these analyses ranges
up to about 4 per cent. It is not recorded whether
the partial analyses published previously (Mehn-
ert and Willgallis, 1961, and Hahn-Weinheimer
and Ackermann, 1967) have been adjusted for
ignition losses. Figure 2 shows the original K,O
weight percentages from Table 1 contrasted with
the values recalculated to eliminate ignition loss.
Figure 3 shows that maps for these two sets of
values are not materially different (except that
the repercentaged values are approximately 0.1
per cent larger). The ignition-loss problem is
eliminated by the use of oxide ratios, although
ratios of closed-system data (percentages) in-
troduce additional statistical problems. The geo-
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Fig. 2. Whitten K,O weight percentages (from Table 1)

and K,O values recalculated to eliminate ignition loss;

where ignition loss was not determined, it was assumed

that the loss would account for the difference between
the analysis total and 100 per cent.

Fig. 4. Manually-contoured map of the Malsburg
Granite for K,0: Na,O ratio (derived from Table 1
for 37 samples). Contours a¢ 1.0 and each 0.1 per cent
increment; above 1.2 stippled and above 1.4 ruled.

K,0
ORIGINAL

REPERCENTAGED

Fig. 3. Manually-contoured maps of the Malsburg Granite for the original 37 K,O percentages (from

Table 1) and for K,O recalculated to eliminate ignition loss. A: Contouts at 3.9 and each 0.2 per cent increment;

above 4.5 stippled and above 4.9 ruled. B: Contours at 4.0 and each 0.2 per cent increment; above 4.6 stippled
and above 5.0 ruled.
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logical significance of oxide ratios is not always
obvious but, in this case, the K,O/Na,O ratio
(Fig. 4) has a somewhat similar map pattern to
that for K,O weight percentage (Fig. 3).

The three independent sets of chemical
analyses

Hahn-Weinheimer and Ackermann (1967, p.
2217) considered that, on the whole, their results
for Na and K are in agreement with the flame
photometric determinations of Mehnert and
Willgallis (1961). However, the linear correlation
coefficient for K,0O and K of these workers is
0.73 and only 0.45 for Na,O and Na (on the
basis of 26 common sites included in Table 1).
The correlation coefficient for K,O values for
the 35 samples common to Mehnert and Will-
gallis (1961) and Table 1 is only 0.45; for the
corresponding Na,O values, the coefficient is
0.39. The relatively small magnitude of these
correlation coefficients (Table 2) suggests that
the three sets of chemical analyses should be
scrutinized more thoroughly. Whitten’s K,O
values (Table 1) and those of Mehnert and Will-
gallis (1961) are plotted against Hahn-Wein-
heimer and Ackermann’s (1967) K values in
Figures 5B and 5C; the K,O analyses of
Mehnert and Willgallis (1961) and Whitten
(Table 1) are compared in Figure 5 A. Figure 6
shows similar diagrams for Na,O and Na per-
centages. The TiO, percentages from Table 1
and Hahn-Weinheimer and Ackermann’s (1967)

TABLE 2

Linear correlation coefficients based on the sample
localities common to all three sets of chemical analyses

Source of analyses | K,O/K l Na,O/Na | TiO,/Ti

Mehnert and Willgallis and

Hahn-Weinheimer and

ACKELMIANN: « o o v v vy v 0.73 0.45 %
Mehnert and Willgallis and

WHHIHEN: < coss i 5o mmne 0.45 0.40 —*
Hahn-Weinheimer and

Ackermann and Whkitten| 0.71 0.57 0.84

* Mehnert and Willgallis did not give TiO, analyses.

Ti values are compared in Figure 7. Each of
these graphs shows considerable scatter which
may reflect

(a) analytical or clerical errors within either
or both sets of analyses — either random errors,
consistent bias in one or more analytical tech-
nique, or variability within the limits of precision
of the analytical methods,

(b) local wvariability within the sample sites
designated by the geographic coordinates, or

(c¢) sampling differences or errors in the field
— assignment of incorrect coordinates or collec-
tion of specimens from the wrong locality, from
erratic material, or from material too weathered
or too decomposed to represent the fresh parent
rock.

In preliminary tests, Hahn-Weinheimer and
Ackermann (1963, 1967) found that their X-ray
fluorescence analyses have small errors and mean
deviations in comparison with the variances of
groups of samples from localities 20, 66, 69, and
128 (see Figure 1). The coefficients of variation*
deduced by these authors are shown in Table 3.
Local heterogeneity was estimated on the basis
of 9 to 13 samples of 5 to 10 kg each collected
at 10 to 15 m intervals in each outcrop. In-
tuitively, the variances deduced for Ca weight
percentage appear to be surprisingly large. Hahn-
Weinheimer and Ackermann implied that the

* The coefficient of variation is the standard deviation
divided by the mean and then expressed as a percentage.

TABLE 3

Coefficients of variation for experimental error and local
heterogeneity in outcrops estimated by Hahn-Weinheimer
and Ackermann (1963, 1967)

Experi- Locality Locality Locality Locality

Element | @ tal error| 20 (N=13) | 66 (N=10) | 69 (N—10) |128 (N=9)*

o 0.37 2.61 2.72 3.79 4,58
Na. 5.0 0.70 3.7 3.09 2.62 3.27
(i S 0.49 21.38 14.35 10.60 17.10
by LI 0.58 1.7 4,67 3.13 2.86

* N = number of samples individually analyzed for
that locality.



56 E. H. Timothy Whitten

54 #
st
v
e y :
N,
2 o
= el * =
o
Qut ¥ . Q,
> B 2 38 C
1 1 1 i iz A 1 1 1
RO W e 42
K HW&A K HWE&A

Fig. 5. Comparisons of the independent K,O and K analyses made by Whitten (W), Mehnert

and Willgallis (M & W), and Hahn-Weinheimer and Ackermann (H-W & A) for samples collected

from the same localities of the Malsburg Granite. EL = expected line along which analyses should

lie. RL = linear regression line for actual values (not including replicate (R) and duplicate (D)

analyses shown in scatter diagrams and Table 1) with percentages of total sums of squares (SS)

associated with each line. Samples falling well away from EL in Figure 5 A are identified by
sample number.
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Fig. 6. Comparisons of the independent Na,O and Na analyses made by Whitten (W), Mehnert and Willgallis

(M & W), and Hahn-Weinheimer and Ackermann (H-W & A) for samples from the same localities of the Malsburg

Granite. EL = expected line along which analyses should lie. RL = regression line for actual values (not including

replicate (R) and duplicate (D) analyses shown in scatter diagrams and Table 1) with percentages of total sums

of squares (SS) associated with each line. Samples falling well away from EL in Figure 6 B are identified by sample
number.

values in Table 3 indicate the confidence level
to be associated with their complete array of
Malsburg Granite analyses.

The three regression lines for Hahn-Wein-
heimer and Ackermann’s and Whitten’s values
(Figs. 5B, 6 A, and 7) show some consistent
differences which suggest that constant analytical
differences occur in addition to sporadic noise;
these diagrams show that these samples (which
were separately collected from the same grid
locations) have surprisingly little local variability.
By comparison, the correlations of the alkali
analyses derived by Mehnert and Willgallis and

8 14993—71

by Whitten are significantly weaker (Figs. 5 A
and 6 B). Seven specimens (localities 12, 21, 52,
104, 141, 155, and 186) on the Na,O weight
percentage diagram (Fig. 6 B) lie well off the
theoretical expected line (EL on Fig. 6 B). Field
relationships suggest that localities 12, 21, 52,
and 186 should not present collecting difficulties.
Localities 141 and 155 are poor, weathered out-
crops from which fresh rock can only be obtained
after considerable labor; the geographic co-
ordinates for 104 define the middle of an ex-
posureless meadow which makes the origin of
the previously-analyzed sample uncertain. The
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Fig. 7. Independent TiO, analyses by Whitten (W) and
‘Ti analyses by Hahn-Weinheimer and Ackermann (H-W
& A) for samples collected from the same localities of
the Malsburg Granite. EL = expected line along which
analyses should lie. RL = regression line for actual values
(excluding replicate (R) and duplicate (D) analyses shown
in scatter diagram and Table 1) with percentage of total
sum of squares (SS) associated with the line.

K., O graph is less satisfactory in that nine samples
lie well away from the expected line (EL on Fig.
5 A), but several of these outcrops could have
caused collection difficulties, »ig: localities 66,
159, 186, and 197 should not have presented
difficulty, except that rock at 66 and 159 is
visibly heterogeneous; localities 141, 155, and
203 have poor, weathered outcrops (141 and 155

referred to previously); 147 is a poor locality
essentially comprising boulders and it is un-
certain whether any material is genuinely in situ;
104 was referred to above (published coordinates
define exposureless meadow).

Such considerations suggest that large va-
riances of the measured variables at the outcrop
level may account for some of the scattered
distribution of points in Figures 5 A and 6 B.
However, from these graphs it is not possible
to identify the actual sources of trouble as being
positively due to variance, sampling, analytical,
clerical, or other error in either set of results.

Figures 5 A and 6 B have considerable im-
portance in interpreting the deviation maps for
K,O and Na,O percentages (Fig. 1). The more
anomalous localities in terms of Figures 5 A and
6 B are shown in Figure 1 and they define most
of the very large deviation maxima. In other
words, most of the major maxima in Figure 1
occur at localities for which the data produced
by different workers are not consistent.

Discrimination of zones within the Malsburg
Granite

Rein (1961) showed that, for his sampled
population of the Malsburg Granite, regional
modal variability is much greater than the local
modal variability — a conclusion subsequently
supported by Hahn-Weinheimer and Ackermann
(1963) on the basis of their chemical analyses of
seven elements for four localities. Rein (1961)
demonstrated a distinct zonal pattern for modal
quartz, potash feldspar, plagioclase, biotite, horn-
blende, apatite, and zircon with the periphery of
the granite being relatively more basic and the
center more leucocratic. On the basis of their
own extensive field experience and the subjecti-
vely-contoured mineralogical maps and petro-
graphic descriptions of Rein (1961), Mehnert
and Willgallis (1961, Plates 21 and 22) con-
structed a single qualitative petrographical map;
they considered their mapped lines (incorporated
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Fig. 8. Maps of discriminant functions (for 37 samples) superimposed on Mehnert and Willgallis’ (1961) zones

for the Malsburg Granite. No pattern — Class A central granite: Horigontal ruling — Class B border granite with

partial K-feldspar porphyroblast development: Horizontal and vertical ruling — Class B K-feldspar-blastic border
granite.

A. Discriminant function for subset 2 (of Table 6);
manual contours for the discriminant function are (i)
within stippled area — mean value of function for specimens
allocated to Class A, (ii) boundary of stippled area is the
discriminant value, and (iii) owtside the stippled area —
mean value of function for specimens allocated to Class B.
The six samples misclassified by this function are indicated

in Figure 8) to be somewhat arbitrary. Mehnert
and Willgallis placed much importance on potash
feldspar porphyroblasts and other megascopic
and microscopic petrographic relationships in
defining their boundaries, although quantitative
information about these characteristics has not
been published; in some places, the lines were
shown as »uncertain.»* On these bases, Mehnert
(petsonal communication) recognized the fol-
lowing zones:

1. Inner central granite

i Typical
i1 Transitional to the outer central granite

* Hahn-Weinheimer and Ackermann (1967) used
precise mathematical operational definitions to delimit
zones of equal concentration for each individual element
but they did not develop a system for mapping the
variability of all eight of their variables simultaneously.

by arrows. The four samples most commonly mis-

classified (see text) are identified by sample number.

B. Discriminant function for subset 8 (of Table 6);

manual contours have same significance as in Fig. 8 A.

All samples are correctly classified. Four samples identified

as transitional in character by Mehnert (see text) are
identified by sample number.

2. Outer central granite
i Typical
ii Transitional to the inner central granite
iii Transitional to the border granite

3. Border granite with partial K-feldspar por-
phyroblast development
i Typical
ii Transitional to the K-feldspar-blastic
granite

4. K-feldspar-blastic border granite
i Typical

ii Transitional to the outer central granite

Without questioning or debating the propriety
of these zones which are probably very well-
founded petrographically, it is instructive to
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TABLE 4
Sets of data used to calculate discriminant functions and efficiences achieved
Variables used Number of samples
Whitten oxides
Number of : Efficiency
Tarablzs Elevation Speci'ﬁ(': Si0O,, Al,O4 Fe,O4 N0 n?)z}r:tstee?c- Rein modes MNC:‘:C;n MisﬁcclsssL Used BEpReas
ety |0, Tio, FeO Ko |cluding Mgt K.O
P,0, MgO

12 X X X X X 7 37 81.1

11 5% X X X 6 37 83.8

8 X X X 6 37 83.8

25 X 5 4 % X X X X 0 34 100.0
25 X >4 b % X % X 0 36 100.0
15 X X X X 3 36 917

T X X 5 34 85.3

8 X b4 13 36 63.9

2 % T 35 80.0

2 X 15 37 59.5

19 >3 X X X X X b | 36 97.2
14 b G X 1 36 97:2

8 Hahn-Weinheimer and Ackermann’s eight elements S 26 80.8

2 | Whitten’s TiO, and K,O only 6 37 83.8

12 X X X X X ok 37 *k
14 I | X X i 36 it

* includes Mgt; ** analyzed or also analyzed sequentially — see Table 5.

examine whether the available measured at-
tributes permit these petrographically recognized
and defined groups to be discriminated in a
quantitative manner (¢f,, Klominsky, 1969;
Rhodes, 1969). For this purpose two classes are
considered: Class A representing the central
granite (zones 1 and 2 of Mehnert) and Class B
the border granite (zones 3 and 4 of Mehnert).
It must be recognized that the analyzed samples
were collected by different people from de-
signated geographic localities; in consequence,
the same specimens were not analyzed for each
set of variables and local variability factors must
unavoidably be included in, and partially confuse,
the discriminants.

A computer program that can calculate sequen-
tial discriminant (Whitten,
1970 A) with up to 25 independent variables
was employed to calculate several hundred dis-

linear functions

criminant functions with various combinations
and subsets of the following variables:

a. Elevation and specific gravity.

b. 10 oxides (Whitten, Table 1) — because
Fe,O,, FeO, and MgO seem not to have

good reproducibility, these oxides and the
alkalis were treated separately for some dis-
criminant functions.

c. 8 element analyses published by Hahn-
Weinheimer and Ackermann (1967).

d. Normative values (calculated from the
chemical analyses of Whitten, Table 1).

e. Modal values published by Rein (1961).

f. K,O and Na,O values from Mehnert and
Willgallis (1961).

Table 4 shows some of the subsets of variables
for which discriminant functions were calculated
and the efficiency with which these functions
separate the samples into the two classes A and B.
For these calculations only the 37 localities listed
in Table 1 were included so that less than 37
sample sites were used when data from Hahn-
Weinheimer and Ackermann, Mehnert and Will-
gallis and/or Rein were included (these authors
did not give analyses for all of the 37 locations
in Table 1).
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Table 4 shows that use of all the variables*
permits 100 per cent efficiency in discriminating
the two classes. Specific gravity plus Rein’s modal
values used together achieve only 63.9 per cent
efficiency. A combination of the norms and
modes (with elevation and specific gravity), how-
ever, causes only 3 of the 36 sites to be mis-
classified. Use of Whitten’s chemical analyses
alone or of the norms alone is less efficient than
use of the combination of norms and modes.
Surprisingly, Mehnert and Willgallis® (1961)
alkali values alone (80 per cent efficiency) are
efficient as Whitten’s ten oxides
(coupled with elevation and specific gravity) used
together (81 per cent efficiency). The discriminant

almost as

function calculated for the eight elements ana-
lyzed by Hahn-Weinheimer and Ackermann
(1967) only misclassifies 5 of 26 samples (81 per
cent efficiency).

The discriminant function can be visualized
more clearly when represented in map form. As
an example, the locations of correctly and in-
correctly classified sample locations in subset 2
(Table 6) are shown in Figure 8 A. In Figure
8 B one of the discriminant functions that is 100
per cent efficient (subset 8) is mapped to show
the relative distance of each sample from the
linear partition.

Effectiveness of discriminant functions can be
considered differently. In many cases, the same
(or even better) efficiency is achieved by use of
only a small subset of the available variables (¢f.,
Chayes and Velde, 1965). Table 5 illustrates some
representative results produced by sequentially
calculating the discriminant function for each
subset of one variable, each possible subset of
two variables, etc., in a total data array. For the
available Malsburg Granite data, a single variable
is commonly a very inefficient basis for a dis-
criminant function but, in several cases, occa-
sional pairs of variables are as efficient as, say,
8 or 14 variables used together. However, the

* Except that either Mehnert and Willgallis’ or
Whitten’s alkali values only were included.

»best» subsets selected in this manner are not
always those that would be selected intuitively
or on the basis of subjective geological ex-
perience (see Table 5).

It can be assumed that Rein’s (1961) modes
are good representations of the samples con-
cerned but, as Table 4 shows, they are poor
bases (63.9 per cent. efficient) for discrimination
between Mehnert and Willgallis’ two mapped
zones (Classes A and B). This is particularly
interesting because the mapped zones represent
a summation of Rein’s petrographic findings
(modified, in certain cases by Mehnert and Will-
gallis’ own investigations). Mehnert (personal
communication) considered that Rein’s results
give the best reflection of the primary state of
formation of the granite, whereas he thought
that chemical analyses incorporate influences of
secondary processes having no recognizable con-
nection with the primary genesis. (For this
reason, before making alkali analyses, Mehnert
and Willgallis apparently discarded all samples
which, in their opinion, contained secondary
products).

It is possible that, in terms of their operational
definitions, Mehnert and Willgallis misclassified
some of the sample localities and, as a result,
drew the boundary between the central and
border granite zones incorrectly. If the boundary

TABLE 5

Examples of ’best” subsets of variables for the Malsburg
Granite selected by sequential discriminant function

analysis
Whitten’s 10 oxides Hahn-Weinheimer and
Dita st plus elevation and Ackermann’s 8 elements
specific gravity N — 26*
N = 37*
Variables Number Number
included Mis- |Efficiency Variables Mis- Efficiency
in subset classified classified
AN A2 oss T | 81l.08: ] A8 s 5 80.77
Best® Pairs
K,0 +TiO, 6 | 83.78 |P + Rb . 5 80.77
K,0 +P,0; 8 | 78.38 | Ba + Rb 5 80.77
Best® Individual
Specific
gravity .. 13 | 64.86 |Ba ...... 9 65.38

* N is number of samples in whole set.
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TABLE 6

Malsburg Granite sample sites misclassified by linear discriminant functions using different data subsets;
misclassified samples marked x

Data 1 2 3 4 5 6 T 8 9 10 11 12 13 14 15 16 17 8. 19 .20 21 22
Subset

=
=
X X X

N
—
X
X
X X X
X
X
X
X

—
v
O

X X X

X X X

X X X

X X X

Jury
~
=

X X X

X
X
X
X
X

353
—
(=
X
X
X
X X X
X
X
X
X
X

2OXT s X X X

Total mis-
classified ..| 7 6- 6 6 8 13 0. 0 -3 4 F .9 30 12 12 12 5 143 7. 4. B § 5

Total samples| 37 37 37 37 37 37 34 36 36 36 36 36 36 36 36 36 34 36 35 36 26 26 26

Efficiency
per cent ..| 81 84 84 84 78 65100100 92 97 81 75 72 67 67 67 85 64 80 97 81 81 81

Identification of data subsets:

1 — all Whitten oxides + specific gravity + elevation

2 —all Whitten oxides 4 specific gravity

3 —all Whitten oxides except (FeO + Fe,O; + MgO) -+ specific gravity

4 — Whitten K,O & TiO, only

5 — Whitten K,O + P,O; only

6 — Whitten specific gravity only

7 — Whitten oxides except alkalis + Mehnert and Willgallis alkalis +"Whitten norms except Mgt + Rein modes

+ specific gravity + elevation

8 —as 7 but Whitten alkalis in place of Mehnert and Willgallis alkalis

9 —all norms except Mgt + Rein modes + specific gravity + elevation
10 — all norms + Rein modes
11 — normative orthoclase and apatite only; 11, 12, & 13 ’best’ three pairs from all norms and all modes
12 — normative orthoclase and modal plagioclase only
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13 — normative orthoclase and modal K-feldspar only

14 — modal quartz and plagioclase; 14, 15, and 16 ’best’ three pairs from all modes

15 — modal K-feldspar and zircon

16 — modal plagioclase and biotite

17 — all norms except Mgt - specific gravity
18 — all modes + specific gravity

19 — Mehnert and Willgallis alkalis only

20 —as 8 without norms

21 — all eight Hahn-Weinheimer and Ackermann analyses
22 — P and Rb; 22 and 23 ’best’ two pairs from all variables in 21

23 —Ba and Rb

T samples identified by Mehnert as being transitional between Classes A and B

was correctly drawn (in terms of their operational
definitions), these authors must have (appro-
priately) incorporated very important, subjec-
tively-appraised, qualitative variables that are not
reflected by any of the published data tables and
which it would be difficult for other geologists
to verify or compare with another complex. In
Table 6, the samples that were misclassified by
a selection of the discriminant functions are
listed; samples that appear repeatedly should be
re-examined in terms of both Mehnert and Will-
gallis” original classification and the accuracy of
the analytical data. Localities 159, 186, and 195
(and possibly 104) should be evaluated in this
way (¢f., Fig. 8 A). Many of the 37 localities are
classified correctly by all or most of the dis-
criminant functions. Mehnert (personal com-
munication) considered that four of the localities
(numbers 7, 56, 118, and 186) used here are
outer central granite transitional to border
granite (see Fig. 8 B); although the discriminant
functions commonly misclassify 186, all major
functions correctly classify the other three locali-
ties as central granites (see Table 6). It can be
seen from Table 6 that there are several other
sample sites that are more liable to misclassifica-
tion (on the basis of the available data) and
which are, in this sense, truly transitional be-
tween Classes A and B.

Although not commonly measured, many
textural, compositional, and structural character-

istics of granites can be objectively estimated

quantitatively and/or qualitatively in the field.
However, because such measurements have not
been made for the Malsburg Granite, these
variables cannot be incorporated in statistical
discriminant analyses. The chemical and nor-
mative variables that permitted efficient dis-
crimination of the Malsburg Classes can only be
measured in the laboratory. A lack of numerical
data for those field observations used for clas-
sifying rock assemblages is not unusual, while
extensive arrays of chemical analyses for the
same rocks may not readily permit discrimination
of traditional petrographic groups. For example,
Chayes (1964) and Chayes and Velde (1965) dis-
covered that TiO, percentage is the only major
oxide that between
ocean-island and circumoceanic basalts. In such
circumstances, in order that unequivocal quanti-
tative discrimination may be made i zhe field
during a mapping project, additional different

efficiently discriminates

criteria (e.g., textural characteristics, number and
size of porphyroblasts, etc.) must be measured
and mapped. If there is any basis for Mehnert’s
petrologically-significant model for the Malsburg
Granite (as seems highly likely), there must be
variables that could be measured in the field
and be used as a basis for objective definition
of his zones. In an economic situation, discovery
of the few wvariables that can efficiently dis-
criminate between commercially significant and
unprofitable rock masses could greatly reduce
the costs of exploration (¢f.,, Whitten, 1966 A).
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Prediction models for the variability of the
Malsburg Granite

Predictor models have many uses for testing
petrogenetic and search models for individual
granitic bodies. Predictions, made on the basis
of samples gathered from a single lithic unit, can
be made without reference to the spatial locations
of the specimens. Commonly, more useful models
result from including the spatial coordinates;
three types are considered here: (i) models with-
out mapped results, (ii) trend-surface maps for
single dependent variables, and (iii) Q-mode
factor-analysis maps based on simultaneous use
of numerous measured variables.

Predication models without mapped results

Some attributes are measured more precisely,
accurately, and/or cheaply than others. As men-
tioned already, the variance of each variable in
samples of a specified size and collected from
one rock unit is, in general, different. Because
of the large variance of some variables (and/or
difficulties of measurement), direct estimates of
their distribution within rock units are difficult.
Table 7 shows that simple linear correlation of
many pairs of variables is not likely to be useful
for prediction purposes. However, it might be
anticipated that such attributes could be predicted
on the basis of more-easily-assayed variables.

TABLE 7

Correlation coefficients based on 36 of the sample
locations listed in Table 1.

Variables Variables
Normative Modal Oxide Modal
value pctcentagc ' percentagc percentage r
(Whitten) (Rein) (Whitten) (Rein)
quattz ..|quartz ..| 0.68 SiO,  |quartz .. 0.69
ortho- | potash plagio-
clase .| feldspar.| 0.31 CaO clase . 0.16
plagio- | plagio- horn-
clase .| ‘clase .} 0.29 CaO blende 0.29
plagio-
apatite .|apatite .| 0.45 Na,O clase . 0.24
potash
K,O |feldspar. 0.31
K,O |biotite .| —0.23

Vistelius (1962) demonstrated that the P,O;
content of some Tien Shan granitic rocks can
be predicted with a simple linear model using
modal quartz, potash feldspar, plagioclase, and
mafic mineral percentages as independent varia-
bles. Similarly, Whitten(1966, 1968) demonstrated
that sequential multiple linear regression can be
used to »sort out» some of the interrelationships
between chemical and specific gravity data for
the Aulanko Granodiorite, Finland, and the
Malsburg Granite. It seems probable that such
prediction techniques could have considerable
value for prospecting and evaluation in economic
geology, in remotely-sensing the terrestrial sur-
face from aircraft and satellites, and in a wide
variety of petrological studies. However, at
present, very little is known about the variance
and interrelationships of the many hundreds of
variables that can be measured for rock samples.

In the linear equation

Y=ai+4+a: X, 4+ 2,X;+a X;+....415X;5

let: Y be TiO, petcentage and X4, .... X4 be
specific gravity, nine other analyzed oxides, and
the three spatial coordinates. Solving the equa-
tion by the method of least squares* and using
the data for all thirteen »independent» variables
available for the Malsburg Granite samples
(Table 1), 86.97 per cent of the total variability
of TiO, can be predicted. However, it is in-
structive to examine the prediction equations
when only a few »independent» variables are
used. Table 8 shows that

PO, == 8 -+ 0 RIO)

accounts for 75.53 per cent of the total sum of
squares. Hence, for many purposes, prediction
on the basis of SiO, alone would be adequate
and inclusion of specific gravity or the other

* The FORTRAN computer program prepated by
Krumbein ez a/. (1964) was used for this purpose. As
stated the model includes spatial coordinates and in-
dependent variables; by omitting these spatial variables
a model without reference to location of the samples is
involved.
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TABLE 8

"Best’ predictions of TiO, and P,O; percentages and specific gravity for the Malsburg Granite using sequential linear
regression analysis

Specific Gravity
TiO, percentage?! P,O; percentage® £
Number of = N= N=37¢ N =363
independent
variablestaken Sum of Sum of Sum of Sum of
at a time Independent squares Independent squares Independent squares | Independent squares
variables rcdouc:ion variables red:xgt*ion variables rc:l/t:c:)i'on variables ridggt:gn
1 SiO, 75.53 | SiO, 56.34 | CaO 37.76 [ CaO 38.97
MgO 47.31| TiO, 47.23 | FeO 31.89 | Norm. Qtz. 34.84
P,O, 47.23 | Al,O, 42.32 SiO, 18.64 | Norm. Anorth. 9, 33.86
V, SiO, 81.69 | Si0,, ALO, 62.57 | FeO, CaO 43.11| CaO, Hornbl. 51.13
Hortnbl., Norm.
2 | w, sio, 79.28 | Al,O5, TiO, 59.90 | Si0,, CaO 40.24| anorth. % 48.80
Si0,, Fe,0, 76.90 | SiO,, Na,O 59.37 | Fe,O,, CaO 40.13 | CaO, Qtz. 48.31
Qtz., Norm.
Anorth. 9, 47.34
U, V, SiO, 83.43 | ALO,,Fe,0,,FeO 65.54 | SiO,, Fe,05, CaO 45.26 | CaO, P,0,, 53.40
Hornbl.
5 | V5 Si0,, Na,O  82.48|8i0,,A1,04,Na,0 65.42 | FeO, CaO, Na,O 44.28 | Fe,Oy, CaO, 52.82
V, 8i0,, Fe,0, 82.26]8i0,, Al,O,, Hornbl.
Fe,0, 64.60 | U, FeO, CaO  44.13 | Fe,O,, CaO, Qtz. 52.75
MgO, CaO,
V, W, SiO, 82.24| $i0,, Na,O, K,0 64.24 | Fe,05, CaO, TiO, 44.11| Hornbl. 52.25

1 Prediction based on all nine other oxides (Table 1), Specific Gravity, U, 1, and W
2 Prediction based on all ten oxides (Table 1), U, 1/, and W
3 Prediction based on all ten Whitten’s oxides, seven Rein’s modes, 4 major Whitten’s norms, and W

>

* Maximum with all 13
** Maximum with all 13

independent

variables — 86.97 per cent.
independent’ variables — 75.09 per cent.

*#% Maximum with all 13 ’independent’ variables — 53.47 per cent.

¥k Maximum with all 22
N = Number of samples available.

eight oxides would be redundant; that is, in-
clusion of a few oxides in addition to SiO, adds
little to predictive power.

Use of the linear equation for prediction of
P,O; permits 75.09 per cent of the variability
to be accounted for when all the other variables
are used. Use of SiO, alone permits 56.34 per
cent of the variability to be accounted for (Table
8).*

* This is a significant improvement over use of even
the cubic trend surface (based on geographic coordinates
and described in a subsequent section of this paper)
which accounts for only 19.14 per cent of the total sum
of squares (see Table 11). The thtee orthogonal spatial
coordinates are identified as U, 1V, and W (expressed in
kilometers) in Table 8 and the remainder of this paper.
For convenience, the axial origin was placed just north
of the granite with U increasing in a southwesterly, 1/
in a southeasterly, and W in the upwards direction.

9  14993—71

independent’ variables — 70.61 per cent.

Intuitively, geologists have little basis for
deciding whether these results for TiO, and P,O
are reasonable and common, or whether they
are markedly dissimilar to those that would be
found for the majority of granitoid masses. For
specific gravity, however, many geologists would
anticipate significant correlations with modal
mineralogy. Dawson and Whitten (1962) and
Whitten (1963 A, p. 111; 1966 A) suggested that
specific gravity might be a more efficient variable
for expressing the three-dimensional composition
and variability of granitic masses than the
customary modal variables. This contention was
based on (i) the similarity of trend surfaces for
specific gravity and modal variables (e.g., in the
Lacorne, LaMotte, and Preissac granitic complex,
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Quebec, Canada and the »older granite» of
Donegal, Ireland), (ii) the fact that much larger
specimens can be used for measuring specific
gravity than are commonly used for modes or
chemical analyses, so that the smallest levels of
variance can be eliminated, and (iii) consideration
of problems arising from the fact that modal
data necessarily involve closed-number (pet-
centage) arrays. Moore (1963) also demonstrated
that strong correlation of specific gravity with
modal quartz and feldspars for the Cartridge
Pass pluton, Sierra Nevada, Calofornia, and con-
cluded that the mineralogical zonation of the
Arrow, Cartridge Pass, Lamarck, Paradise, and
Spook silicic granodiorite plutons is accurately
reflected by specific gravity. Peikert (1962; 1965)
analyzed the three-dimensional variability of
specific gravity and some modal variables in the

Glen Alpine stock, Sierra Nevada, California,
but did not evaluate the correlation between these
variables. However,in a similar three-dimensional
study of the San Isabel Granite, Colorado,
Whitten and Boyer (1964, Figs 7 and 8) pre-
sented data that strongly suggest significant cor-
relations between specific gravity (for powdered
rock samples) and weight percentages of various
heavy-mineral fractions. Whitten (1968) also
showed that for the Aulanko Granodiorite, Fin-
land, use of the ten major oxides in a linear
regression equation permits 94.83 per cent of
the variability of specific gravity to be predicted.

Sequential linear regression analysis of the
data given by Moore (1963, Tables 11, 12, 13,
24) for the Arrow, Cartridge Pass, and Spook
plutons confirms that specific gravity is strongly
cotrelated with the modal components (Table 9);

TABLE 9

"Best’ predictions of specific gravity on the basis of modes of plutons in the Mount Pinchot Quadrangle, California
(data from Moore, 1963) using sequential linear regression analysis

Arrow Pluton Bullfrog Pluton Cartridge Pass Pluton Spook Pluton
Number of o N=27 e N=21
modal
variables taken Sum of Sum of Sum of Sum of
at a time Independent squares | Independent squares | Independent squares Independent squares
variables reduction variables reduction variables reduction variables reduction
%* %* %* %*
Plagioclase 61.28 | Biotite 10.23 | Hornblende 76.89 | Hornblende 53.18
1 K-feldspar 51.74| Color index 7.91| Color index 75.29 | Color index 33.38
Nonopaque zcces-
Pyroxene 27.85 sories 7.86 | Biotite 65.24 | K-feldspar 30.64
K-feldspar, K-feldspat,
Plagioclase,biotite 72.35 | Opaque accesso- 19.50| hornblende 80.72| hornblende 65.99
2 Plagioclase, ries, colot index Plagioclase, K-feldspat,
colotr index 68.35 | Perthite, biotite  16.45 hornblende 80.35 color index 61.56
Quartz, Biotite, opaque Plagioclase, Plagioclase,
K-feldspar 68.05 accessories 14.39 color index 78.65 hornblende 59.55
Plagioclase, bio- Perthite, opaque Quartz, K-feldspat, horn-
tite, opaque ac- accessories, K-feldspar, blende, non-
cessories 74.18| color index 30.04| hornblende 81.53| opaqueaccesso- 68.49
3 Plagioclase, Quartz, opaque ) ! ries
opaque accesso- accessories, Plagioclase, bio- K-feldspar,
ries, color index 72.90 color index 27.64 tite, hornblende 81.45 hornblende, 67.87
Plagioclase, bio- Perthite, biotite, K-feldspar, color index
tite,nonopaque opaque accesso- plagioclase, K-feldspar, bio- 67.73
accessories 72.60 ries 23.25 hornblende 81.26 tite, hornblende
* Maximum with all ’independent’ modal variables — 78.91 9, for Arrow, 37.28 9, for Bullfrog, 82.29 9

for Cartridge Pass, and 71.81 %, for Spook Pluton.
N = Number of samples available.
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TasrLe 10
’Best’ predictions of specific gravity for the Climax Stock Granodiorite, Nevada, using sequential linear regression
analysis
Data subset 1% Data subset 2%* Data subset 3%**
N=14 N=20 N=:16
Number of
variablestaken Sum of Sum of Sum of
e v Independent squares | Independent squares | Independent squares
variables reduction variables reduction variables reduction
% % %
1 K,O 53.48 | Magnetics 20.95 | Elevation 31.88
CaO 39.23 | Elevation 20.26 | Magnetics 18.45
MgO 21.28 | Chlorite 14.99 | Susceptibility 16.27
5 Si0,, CaO 72.04 | Elevation, magnetics 48.92 | Elevation, magnetics 49.90
Na,0, K,O 71.42 | Elevation, plagioclase 28.86 | Elevation, chlorite 38.81
CaO, Na,O 70.10 | Elevation, biotite 28.27 | Susceptibility, magnetics 32.88
Elevation, quartz, Elevation, chlorite,

Elevation, MgO, K,O 88.41 magnetics 52.02 magnetics 57.39

3 Elevation, plagioclase, Susceptibility, chlorite,
Elevation, Na,O, K,O 87.38| magnetics 51.43| magnetics 53.73

Elevation, biotite, Elevation, plagioclase,
Elevation, SiO,, K,0O 87.29| magnetics 50.26| magnetics 51.68

1 Eight variables — elevation, SiO,, Al,Q,, total iron, MgO, CaO, Na,O, and K,O; maximum sum of squates
with all variables 94.68 per cent.

% Seven variables — elevation, plagioclase, K-feldspar, quartz, biotite, and chlorite volume per cent, and weight
per cent of magnetics; maximum sum of squares with all variables 55.80 per cent.

3 Eight variables — elevation, magnetic susceptibility, plagioclase, K-feldspar, quartz, biotite, and chlorite volume
per cent, and weight per cent of magnetics; maximum sum of squares with all variables 77.19 per cent.

N — number of samples in subset.

these granites have mean color indices of 13.3,
9.7, and 8.4, respectively. However, Table 9 also
shows that this relationship does not hold for
Bullfrog pluton (mean color index 3.0). For a
small set of data for the Climax Stock grano-
diorite, Nevada (analyses from Houser and Poole,
1959, and Izett, 1960), the linear correlation
coefficients between specific gravity and each of
the major-oxide and modal variables is less than
0.5 (Whitten, 1963, p. 112). This relationship is
reflected by Table 10 (all variables taken one at
a time and even when three modal variables are
taken at a time). However, the oxides taken two
or more at a time and large groups of modal
variables both permit reasonable predictions of
specific gravity with these data. Cain (1964) also
showed on the basis of 53 samples that modes
have little value in predicting specific gravity of
the Newingham Granodiorite, Wisconsin.

For the Malsburg Granite samples, Table 8
shows that only 53.47 per cent of their specific
gravity variation can be predicted on the basis
of all ten oxides, and three spatial coordinates.
Although only accounting for 37.76 per cent,
it is surprising that CaO provides the best
prediction on the basis of a single oxide. In an
attempt to find those factors that control specific
gravity in the Malsburg Granite, Rein’s (1961)
modal values and the four main normative com-
ponents were included with the chemical analyses
before recomputing the linear regression rela-
tionships. CaO remains the »best» single variable
(Table 8) and the »best» pair of variables is CaO
with modal hornblende; modal hornblende with
normative anorthite percentage gives the »next-
best» pair. Such relationships can be rationalized
in terms of petrography although they are dis-
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similar to those for, say, the Aulanko Grano-
diorite.

These results for samples from different granite
masses are perplexing. It is not known, for
example, what characteristics cause specific grav-
ity to be predictable in some granites, but not
in others. Lack of predictability may result from
poor chemical analyses, clerical errors, or real
differences in composition between the material
used for chemical or modal analysis and that
used for density determination. The latter could
readily occur if variances are large at the level
of small samples and analyses are made for part
of a larger sample weighed for specific gravity
measurement. Until more is known about the
factors controlling such correlations, predictions
cannot be extended to specimens from the
sampled population of an unstudied granite com-
plex that has not already been subjected to
preliminary study (let alone be extended to most
possible granite target populations).

Trend-surface maps for single dependent variables

It must be recognized that in computing trend
components many assumptions are made about
the data. Baird, e# /., (1964, 1965) considered
the significance of individual chemical analyses
before attempting to map the chemical com-
position and variability of a granite pluton. It
is well known that each variable has a different
variance in samples of a given size and that the
components of variance at different levels of
sampling vary in a different complex manner
for each variable. These problems, which sig-
nificantly affect the manner in which sampling
should be undertaken, are additional to those
concerning the analytical accuracy for each se-
lected sample. Very little is known about the
levels of variance in different plutons. Baird, ez
al. referred to the Rattlesnake Pluton, California
and it is probable that equally complex, but
different, relationships occur in other plutons (¢f.,
Rhodes, 1969).

Once a set of analyses has been acquired for
the sampled population it is customary to assess

their pattern of spatial variability; it is commonly
implicitly (but erroneously) assumed that the
pattern is that of the target population too. The
variability can be assessed subjectively by draw-
ing manual contours although, because there is
no information about the behaviour of the varia-
bles between the actual sample sites, an infinite
number of dissimilar maps can be drawn (Whit-
ten, 1966 B). Figure 9 illustrates two possible
subjective contour maps for 114 unpublished
analyses of K,O for the »older granite» of
Donegal, Eire. Neither map violates the data.
The method permits the geologist to incorporate
appropriate subjective geological factors in the
final map. Commonly, however, one of the many
quantitative objective methods of depicting the
spatial variability of mapped variables has been
used. Polynomial trend-surface analysis permits
the regional and local components of variability
of a set of samples to be mapped separately; it is
illustrated here. Other linear (e.g., double Fourier
Series) and nonlinear trend surfaces could be
used, although selection of one of these models
would be mote appropriate when the nature and
underlying petrogenetic causes of the spatial
variability are more clearly understood.

Table 11 lists the proportions of the total
sums of squares associated with polynomial
trend components (calculated with the com-
puter program published by Whitten ez a/., 1965)
for Mehnert and Willgallis® (1961) alkalis, Whit-
ten’s chemical analyses (Table 1), and Hahn-
Weinheimer and Ackermann’s (1967) analyses
of eight elements.

For the Malsburg Granite data, the low degree
trend surfaces based on U and 17 only are almost
all associated with small sums of squares pre-
dicted (Table 11); Sr and Ba are exceptions.
This implies that, for most variables, the local
deviations are large by comparison with the
degree one, two, and three regional gradients
and that, for each variable, the variability of the
samples analyzed has a complex /local pattern.
The regional gradients are shown in Figures 10,
11, and 12, For Whitten’s chemical analyses and
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Fig. 9. Variation of K,O weight percentage in the ’older granite’ of the Bunbeg—Thorr area, Donegal,
Eire; based on analyses of samples from the 114 localities indicated. The two maps are different but equally-valid,
manually contoured representations of the same original data. After Whitten 1966 B.

specific gravity only 37 sample sites are available
so that surfaces of higher degree than third (with
10 coefficients) should not be calculated, despite
the values shown in Table 11 and regardless of
the proportion of the variability accounted for
by fourth and higher degrees. For the trace
elements (Fig. 12), 64 samples were used and
the degrees of freedom make it reasonable to
consider trend surfaces up to the fifth degree
(which require 21 coefficients in the polynomial
equation). For the alkalis, maps (Fig. 11) are

presented for all three independent sets of
chemical analyses; degree 3 or degree 5 surfaces
are illustrated depending on the number of
degrees of freedom associated with each data
set. Because each group of alkali analyses would
be accepted by many petrographers as an ade-
quate representation of the pluton and serve as
a basis for petrogenetic conclusions, it is in-
structive to compare and contrast these three
pairs of maps thoroughly.

Without very careful evaluation, such trend
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TaBLE 11
Percentages of total sums of squares associated with polynomial trend surfaces for the Malsburg Granite
Two geographic independent Three spatial independent
variables (U, V) only variables (U, V, W)
Variables
Degree 1 Degree 2 Degree 3 Degree 4 Degree 5 Degtee 2 Degree 3
3 coefficients | 6 coefficients | 10 coefficients | 15 coefficients| 21 coefficients | 10 coefficients | 20 coefficients
Whitten's variables (N = 37)
Specific gravity ... e 2.85 8.33 25.78 41.89 51.45 13.65 50.25
SiO Wwt.. Per. cent .wsiaton v 15,51 20.89 23.60 25.77 32.55 29.18 58.56 U
RALO  iuiiiossis ot oismisinsl s 15.57 17.38 23.27 40.31 67.81 29,79 70.86
BesO5 \ ivisiniswvntn wdmesia 7.23 8.98 20.30 28.88 65.70 21,73 57.92 D
Bel): o v snwieie s s 18.35 19.11 25,13 32.48 48.61 24.45 49,42
GO v okswlomts v s olomls 10.86 23.04 28.18 29.76 44,99 27.93 52.19" U
(] @ e o e e e 3.36 4.44 24.49 42.02 54,22 14.65 45.96 D
NGO o35 0ni0blmn o vnsivie s 0.49 17.25 22.16 47.04 55.91 26.50 54.44
KO . sonisvminimeminn s s 4.71 17.54 22,94 39.76 62.50 23.15 49.09 D
1T P o 13.16 21.24 29.26 30.65 37.36 28.01 55.39 U
PO coviserinsssnsiinge 10.59 1173 19.14 43.62 48.26 1751 48.52
Habn-Weinheimer and Acker-
mann’s variables (N = 64)
Ti wt.. perieent! .o« o asinss 22.18 32.62 41.68 48.20 55.26 44.98 56.83
Zt ppm, 07 oLl s 15.47 26.06 28.78 35.32 38.38 37.62 46.16 U
P PP oo stegves samisin o 14.45 32,51 49.58 59.83 70.47 43.13 67.69
S s s s kAL e i 22.43 50.14 66.07 70.16 73:.77 58.89 73.30
Bt i o o i s i 22.56 39.60 63.81 69.56 71.50 48.94 69.74 D
RIB « Stndainnss oo 6 winsis e 3.87 32.45 35.91 37.85 45.05 40.37 50.04
K Wt (Pt Cent viovonisiein 1.49 39.69 44.83 52.01 59.26 45.18 53.15 D
Na wt. peticent ... uies 11.96 32.23 33.28 44.45 51.30 36.13 44,03 D
Mehnert and Willgallis®
variables (N = 110)
K5O Wt per Geiit- .. vsive s — — 31.91 33.28 42,22 32.45 47.43
Nag© wt. pet-centic o — — 27.82 34.76 53.16 30.46 45.61 D

N = number of samples; U = sum of squares for U,
and D sum of squares appreciably smaller.

maps could readily give erroneous concepts
about the sampled and the target populations.
Special problems arise at the boundaries of the
data sets, in dataless areas, and with spurious
extreme values when fourth and higher degree
surfaces are used. Some of these problems can
be circumvented by using piecewise polynomial
surfaces of low degree (¢f., Whitten, 1966 A,
Crain and Bhattacharyya, 1967) although much
depends upon the objectives of the surface fitting.
However, the whole subject of the merits, de-
merits, and interpretation of trend-surface com-
ponents is beyond the scope of this article and
is being made the subject of a separate paper.
Confidence levels can be associated with each

V, W degree 3 appreciably greater than for U, 17 degree 5;

trend component (see Dawson and Whitten,
1962, p. 8; Whitten, 1963; Chayes, 1970) and,
when considered separately, most of the linear,
quadratic, and cubic components for Whitten’s
chemical analysis data (Figs. 10 and 11) have no
significant confidence level. The situation is de-
monstrated very clearly by scanning the g2-arrays
which can be computed by using orthogonal
polynomials for the irregularly-spaced data
(Crain and Bhattacharyya, 1967; Whitten, 1970B);
for these data, trivial values occupy the top left
corner of the g2-arrays in most cases. The ’best’
array is that for TiO,, while SiO,, Al,0,, Fe,O,,
FeO, MgO, K,O and P,0O; have one or two rea-
sonably strong linear terms surrounded by triv-
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Fig. 10. Degree 3 polynomial trend sutfaces for the Malsburg Granite computed for U, 1/, and the analyses
listed in Table 1. The 37 sample localities ate shown on the specific gravity map and SS indicates the per-
centage of the total sum of squares associated with each surface.

ial terms in the g%-array (Table 12). Such evi-
dence confirms that the available data provide
only a poor basis for evaluating the spatial
variability of the sampled population (let alone
the target population).

Weight percentages have been used for these
maps because it is customary to use this unit in
petrology although, in mapping spatial variability
within a rock unit, it is more significant to use

weights per unit volume. Density is known for
the 37 analyzed samples, so the oxides can be
expressed in gm/100 cc.; although no longer
percentages, the restraints of closed-number
tables still apply to such data, which yield slightly
different trend components and different cor-
relation coefficients.

Because the samples were collected from sites
with a vertical range of some 620 meters, poly-
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Fig. 11. Polynomial trend surfaces for the Malsburg Granite computed for U, I/, and the three

independent sets of alkali analyses by Mehnert and Willgallis (M & W), Whitten (W), and Hahn-

Weinheimer and Ackermann (H-W & A). Degree 5 (D 5) and degree 3 (D 3) surfaces are illustrated

and SS refers to the percentage of the total sum of squares associated with each surface. N is the

number of sample localities used for each pair of maps (the actual sites are shown on the Na,O
or Na map).
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Fig. 12. Degree 5 polynomial trend surfaces for the Malsburg Granite computed for U, 1/, and

the 64 sets of analyses from Hahn-Weinheimer and Ackermann. The 64 sample localities are

shown on the P map. SS indicates the percentage of the total sum of squares associated with
each surface.
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TABLE 12
Examples of z*-arrays for the Whitten chemical analyses (N = 37); limit of complete trend indicated by the line:
TiO, and FeO weight percentages

Ti0,
0.04 0.02 0.01 0.00 0.00 0.01 0.01 0.01
0.02 0.01 0.00 0.00 0.02 0.01 0.00 0.01
0.01 0.02 0.00 0.00 0.00 0.16 0.02 .
0.01] 0.00 0.00 0.00 0.08 0.07
0.00 0.00 0.01 0.02 0.01
0.01 0.00 0.01 0.00 2
0.01 0.00 0.00 .
0.03 0.03 .
0.04 .
FeO
0.26] 0.00 0.41 0.49 1.06 0.01 0.15 0.20
1.55] 0.00 0.17 0.02 0.30 0.19 0.56 0.19
0.07 0.01 0.01 0.06 0.01 1.67 0.31 .
0.00 0.14 0.06 0.27 0.78 1.50 .
0.07 0.04 0.00 0.01 0.46 .
0.08 0.34 0.07 0.03 .
0.01 0.05 0.04 .
0.17 0.41 .

0.45

nomial hypersurfaces (up to the third degree)
were also calculated with the computer program
published by Peikert (1963). Inclusion of eleva-
tion (W) as an independent variable results in
marked increases in the total sums of squares
associated with equations of the same degree
(Table 11). Peikert (e.g., 1962, 1965) and Whitten
(e.g., 1962) suggested that the increased pro-
portions of the total sums of squares associated
with third degree polynomials when elevation is
included (in addition to geographic coordinates),
imply that there is a significant amount of vertical
variability within the sampled populations
studied. For some granites, it was suggested
that the vertical rates of change are greater than
those in the horizontal plane. It is important to
recognize, however, that degree-three UIlW-
hypersurfaces involve 20 coefficients and that it
is possibly more appropriate to compare them
with the degree 5 Ul -surfaces which have ap-
proximately the same number of coefficients.

The restraints already discussed that apply to
interpretation of the Ul/-maps obviously apply

to the UV W-trend components and make it
difficult to draw meaningful conclusions for the
present data set. The degree 5 Ul/-surfaces and
degree 3 Ul/W-hypersurfaces (Table 11) show
that inclusion of elevation yields important sums
of squares increases for SiO,, MgO, TiO,, and
Zr and important decreases for Fe,O,, CaO,
Whitten’s K,O, Ba, Na, and Mehnert and Will-
gallis’ Na,O. For the variables showing increases,
there is possibly important vertical variability.
By contrast, the decreases suggest variables for
which vertical variability is relatively less im-
portant and for which a greater proportion of
the total variability of the sampled population
is accounted for by more complex areal variability
patterns.

To illustrate the effect of including elevation,
horizontal sections through the polynomial
hypersurfaces at 725 meters above sea level
(roughly the mean elevation of the sample sites)
for the three sets of alkali analyses are given in
Figure 13. These maps should be compared and
contrasted with those in Figure 11 for the same
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Fig. 13. Horizontal sections (at 725 meters above sea level) through polynomial hypersurfaces for

U, V, W, and the three independent sets of alkali analyses by Mehnert and Willgallis (M & W),

Whitten (W), and Hahn-Weinheimer and Ackermann (H-W & A). Degree 3 (D 3) and degree 2 (D 2)

surfaces are illustrated and SS refers to the percentage of the total sum of squares associated with

each hypersurface. N = number of sample localities used for each pair of maps (the actual sites
are shown on the Na,O or Na map).
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data with elevation ignored. Of course, Figure
13 reflects vertical as well as horizontal extra-
polations because the 725 meter plane is either
above or below the sampled surface (ground
level) over most of the map area.

The limitations of polynomial trend surfaces
(particularly when interpolation and extrapola-
tion are involved) have been widely discussed
(e.g., Whitten, 1966 A, Merriam and Cocke, 1967,
Chayes, 1970) A wide range of problems that
affect the usefulness of individual surfaces has
been recognized (e.g., selection of the trend, eva-
luation of deviations, boundary effects, spacing
of data points, change of variance over map area,
etc.). The limited amount of data available for
the Malsburg Granite makes it uncertain (or even
unlikely) whether Figures 10, 11, 12, and 13
provide a realistic picture of the regional varia-
tion of either the sampled or the target popula-
tion.* Even if high confidence could be as-
sociated with the trend components, statistical
inferences cannot be made about the target
population on the basis of trend components;
substantive geological reasoning can be used,
but this (as in most other petrographic studies)
is fraught with immense problems because so
little is known about the levels of variance of
the several variables involved. Also, it would
be difficult to integrate a generalized picture of
granite variability on the basis of separate maps
of 19 different variables. A multivariate approach,
permitting simultaneous consideration of some,
or all, of the measured variables, would have
distinct advantages. Such a method is outlined
in the next section.

Mapping several variables simultaneously

In a preceding section attempts were made to
determine the efficiency with which the available
quantitative data for the sampled populations
permit retrieval of Mehnert and Willgallis® (1961)

* For this purpose, the target population is defined
as all those hand-sample size samples that theoretically
comprise the whole mapped extent of the Malsburg
Granite.

mapped zones of the Malsburg Granite. An
alternative approach is to use Q-mode factor-
vector analysis to detect, emphasize, and map
the natural relationships between the available
samples. In Q-mode factor analysis, # significant
factors are selected and the specimens that most
closely correlate with each of the » factors are
found. Each other sample is then expressed
numerically as proportions of the » samples
chosen to represent each of the # factors. Maps
can be prepared for each factor by plotting and
contouring the numerical values for each speci-
men. The mathematical bases for such analyses
were restated by Imbrie (1963) and Krumbein
and Graybill (1965, pp. 368, 402).

Garrett (1967) published the computer pro-
gram (limited to use with 100 samples 25 varia-
bles) used in the present work. The program
permits data for each variable to be transformed
into a 0—100 scale so that each variable has an
equal weight in the Q-mode analysis.** The

TaBLE 13

Eigenvalues of some sample correlation matrices used
for Q-mode factor analysis of the Malsburg Granite.
Data log,, transformed before factor computation.

Data subset (ii)
Data subset (i) Data subset (ii) with elevation
included

Factor Cumula- Cumula- Cumula-
tive %, of tive 9%, of tive 9, of

Eigen- com- Eigen- com- Eigen- com-
value munality | value munality | value munality

over 36 over 64 over 64

factors factors factors
18t ..-.[91:316 87.057.429 89.7(56.287 87.9
2nd ..l 1.647 91.6| 3.360 95.0( 3.083 92.8
3ed’ .4 798 93.6] 1.825 9781 2,173 96.2
4th o w573 95.21 - ;755 99.0( 1.402 98.3
5th ..| 431 96.4| .258 99.4] .539 99.2
6th’ .| 337 97.3| .204 997l 213 99.5
Tth -] =200 97.91  .126 99.9°F JATE 99.8
8th ..| .192 98.4| .043] 100.0| .093 99,9
9th ..| .140 98.8| .ooof 100.0f .036| 100.0

** Data normalization is necessaty when major and
trace components are used together, but it is questionable
whether equal weight should be given to each variable.
If analytical accuracy is not the same for all variables,
some would favor giving extra weight to the more
accurate (¢f., Rhodes, 1969); more complete variance
information for each variable (for samples of the size
analyzed) might justify assigning unequal weights to
variables.
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number of factors adequate to describe all of
the samples is commonly decided on the basis
of the size of the eigenvalues of the sample
correlation matrix; three representative sets of
eigenvalues are listed in Table 13. Maps were
prepared for several data subsets on the basis
of two, three, or four factors. However, Table
13 shows that one factor accounts for an over-
whelming proportion of the total variability;
analogous (or even more marked) situations
occur for the other data subsets tested. Thus,
for the present data for the sampled population
of the Malsburg Granite, it appears that use of
two factors provides an adequate representation
of their spatial variability.

Slightly dissimilar results are obtained when
different subsets of the measured data are used.
Three of the many subsets examined are de-
scribed here, »ig:

(i) 25 variables for 36 specimens: specific
gravity, 10 Whitten’s chemical analyses,
7 Rein’s modal values, and 7 normative
values.

(ii) 8 variables for 64 samples: Hahn-Wein-
heimer and Ackermann’s chemical analy-
ses.

(iii) 7 variables for 100 samples: Rein’s modal
values.

Each subset represents a different sampled
population. Whitten’s chemical analyses and sub-
sets (ii) and (iii) were also re-run with elevation
included as an extra variable.

Figure 14 A is based on subset (i) and the
zonation from northeast to southwest is clear,
although there are significant differences and
anomalies when these zones are compared with
the subdivisions of Mehnert and Willgallis(1961).
Because it was possible that either the chemical
components or the modes might have been con-
trolling this map pattern (Fig. 14 A), these
groups of variables were analyzed separately; the
resulting maps (Figs. 14 C and 14 E) show that,
for both groups of variables (combined with

elevation as an additional variable), this sampled
population yields patterns remarkably similar to
Figure 14 A. For the modal map (Fig. 14 E),
specimens 52, 177, and 195 are very anomalous
in terms of the regional pattern of variability.
Specimen 195 (and to a lesser extent 177) are
also anomalous in the oxide map (Fig. 14 C).

The effect of elevation as an additional varia-
ble is appreciable. Figure 14 B shows the Q-mode
map for Hahn-Weinheimer and Ackermann’s
analyses of eight variables for 64 samples (subset
ii); the same data together with elevation are the
basis of Figure 14 D. Although these maps have
analogies, dissimilarities in the central and south-
eastern areas indicate that there is significant
chemical variability in the limited vertical dimen-
sion exposed and represented by this sampled
population. In these two maps, specimens 52,
118, and 187 are anomalous (but 177 is not);
specimen 195 was not included in this subset.

Figure 14 F is based on 100 of Rein’s modes
and the elevations of each sample site (subset
iif); the 36 specimens used for Figure 14 E are
all included together with 64 other samples
chosen (with the aid of a random number table)
from the 110 samples analyzed by Mehnert and
Willgallis. Much of the complexity near the
southwest margin of the granite in Figure 14 F
occurs in areas that are dataless for Figure 14 E.
Geologically, it would seem to be significant that,
when the data used for Figure 14 F are represent-
ed by three factors, the highs are accounted for
by two separate factors. The high on the eastern
margin (Fig. 14 F) is due to factor 2 and that
at the western margin to factor 3; the small high
at the south is produced by a combination of
factors 2 and 3. Specimens 52 and 177 have very
small values in Figure 14 F by comparison with
neighboring specimens, although 47(immediately
southwest of 52) has an almost identical value
to 52. This suggests that similar rock composes
47 and 52 and that it is different from the rock
of surrounding areas, rather than that the modal
analyses (and chemical analyses in Figure 14 D)
are in errofr.
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Fig. 14. Q-mode factor-analysis maps for the Malsburg Granite. S = the sample that represents the

first Q-mode factor for the data used. N = the number of samples used (actual sites shown by

dots and the 11 samples discussed in text ate identified by number). Data log,, transformed be-
fore factor computation.
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The six maps in Figure 14 were manually con-
toured and quite different contour configurations
could be drawn without violation of the data
(¢f., Fig. 9); the information contoured in these
Q-mode maps could have been smoothed by
trend surface methods. In an analysis of the Mals-
burg Granite, or discussion of the petrogenetic
development of the pluton, the detailed simi-
larities and differences shown by the six maps
need to be examined in detail. Despite local
differences, the marked similarity of the regional
zonation shown by all six maps is impressive.
The results presented earlier in this paper (e.g.,
discriminant analyses, correlations, etc.) had sug-
gested that the available variables do not strongly
support the zonation proposed by Mehnert and
Willgallis. However, Figure 14 seems to suggest
that, considered in a quantitative multivariate
framework, zonation is real.

Because there are six different maps in Figure
14, it remains to be determined which is the
»besty» approximation of the actual zonation that
occurs in the sampled populations. The answer is
not clear. Further numerical analysis may in-
dicate the answer, but it seems more likely that
critical re-examination of the outcrops in the
field in the light of Figure 14 would throw
significant light on the problem. Itis geologically
important to elicit more information about the
levels of variance for the several variables in
order to permit more-realistic subjective extra-
polation of the results to the target population.
Probably a subset of the many variables actually
used and a selection of currently unmeasured
variables (e.g., textural characteristics) would be
more appropriate for defining the zonation ac-
tually present. Work is proceeding to identify
such subsets of wvariables and to determine
whether the same variables are equally useful in
mapping the internal variability of other lithic
units.

Concluding statement

Considerably more attention needs to be given
to the significance of collected data and to the

nature of the internal variability of granitic
plutons and other lithic units. Study of the in-
dependent sets of analyses for the Malsburg
Granite suggests that great care needs to be used
in basing conclusions upon any single set of pub-
lished analyses. In most published studies, in-
sufficient is known about the levels of variance
of the several analyzed variables and about the
precise mode of sampling that was used; as a
result, generalizations about the spatial varia-
bility of a complex become hazardous. In the
absence of much more complete variance in-
formation than is commonly available, it is com-
monly difficult to assess the significance of a
trend surface in terms of the actual spatial varia-
bility of the whole lithic unit.

Multivariate Q-mode maps, in which a large
number of dissimilar variables can be considered
simultaneously, appear to offer significant ad-
vantages in defining the spatial variability of
sampled populations of granitic plutons and
other rock bodies.
cluded in the analysis has, in general, a different

Because each variable in-

pattern and amount of variance, some variables
are undoubtedly sampled more appropriately
than others. Intuitively, it seems reasonable to
anticipate that Q-mode maps based on many
variables will permit the gross variability of a
sampled population for a lithic unit to be assessed
with greater confidence than is possible with
monovariate maps. However, insufficient em-
phasis is currently given to the fact that all such
mapping techniques relate to a sampled popula-
tion whereas, in most cases, the geologist wishing
to draw petrogenetic conclusions is interested in
a target population that is quite distinct from the
sampled population for which data happen to be
available.

Unfortunately, at this time, it is not known
how representative the Malsburg Granite and its
variability are. The pattern of variability of a
granite mass needs to be known with accuracy
in order to provide sound bases for quantitative
petrogenetic models. With current knowledge of
the thermodynamic factors underlying magmatic
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and metamorphic crystallization phenomena, it
will soon be possible to develop quantitative
computer-based nonlinear models for the petro-
genesis and three-dimensional compositional
variability of simple granitic masses. It would
be unfortunate if such models are available before
sufficient is known about actual granitic com-
plexes to test and refine the computer-based
theoretical petrogenetic predictions.

This paper is offered as a progress report. It
is hoped that it will demonstrate that, in spite
of the analytical technology and ability currently
available (¢f., Baird, ez a/., 1967, Chappell, 1966,
Rhodes, 1970), for petrology as a whole, there
is a tremendous lack of knowledge about com-
monly-measured variables of granitic masses.
Petrographers commonly find very great sig-
nificance in many other textural, mineralogical,
and compositional variables than those discussed
specifically in this paper; for these, precise
operational definitions must be developed to

permit measurement, mapping, and communica-
tion. It is quite possible that some of these un-
numbered and unmeasured variables, in addition
to (or in place of) some, or all, of those con-
sidered in this paper, might be critical in es-
tablishing an adequate quantitative basis for
testing petrogenetic models. Adequate descrip-
tion of a lithic unit is extremely important but
is not an end in itself. Significant description is
a necessary step in establishing the validity of
petrogenetic models.
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Table 1.--New chemical analyses and norms for the Malsburg Granite (plus alkali values from Mehnert and Willgallis and modes from Rein for the same localities).
E Locality* . Tner Central Outer Central Border with Partial Porphyroblast Development K-feldspar-blastic Border -
ﬂ 61c’ e6d| 125° | 1377 | 166 ot r2 7 R7 | so' | mso | soo'| mson| ssI| s6' | Rs6| sep' | msep| 1181 | 1477 18482 | 186a2| 201% | 201 | 21°| 71| 141° | 164% | R164 |164D° | R164D| 1652 | R165] 172%| R172| 177%| 195% | R195| 1950% | R195D| 1977 203a2 | 210% | Rr210| 212% 222%| r222 | 2220* | R222D| 1281 |R124 523 | 1033 | 104a%| 1552 | muss|159a2| 18s*| miss| 187*| mris7 | 1942 |194p? | R194D
h
EsP. Gr. 2.646 | 2.654|2.634 | 2.624 | 2,654 |2.631 2.652 2.607 2.660| 2.621 2.643 | 2.635 |2.643 | 2.640 [2.608 2.682 | 2.631 | 2.596 |2.625 2.633 2.539 2.625| 2.609 2,714 2.627 |2.635 2,573 | 2.665 2.650 2.625| 2.648 | 2.625| 2.631 2.645| 2.622 2.621 2.588
{ si0, 69.44 | 66.54 | 66.63 | 67.45 | 66.09 | 68.02 63.90 68.19 66.33 65.89| 66.10 64.98 67.61 | 65.24 | 67.21 |64.56 |66.74 61.38 | 65.04 | 67.09 |65.88 66.87 67.03 65.06 68.40 | 72.36 72.40 58.10| 64.36 | 64.94 65.42 | 64.21 62.80 65.63 66.34 | 66.09 | 69.03 | 65.08 66.64 | 65.40 66.22 65.38 | 65.49
‘ AL,0, 16.14 |14.60{15.57 | 14.46 | 16.24 | 14.65 15.69 15.18 15.06 16.22| 15.16 15.23 13.41 [15.86 [14.73 |15.69 [15.63 17.40 | 16.22 | 15.32 {14.76 15.75 16.52 17.16 15.35| 14.64 14.51 17.51| 15.31 |15.76 15.22 | 15.93 15.76 15.95 15.62 | 15.12| 15.29 | 15.41 16.41 | 15.96 15.27 15.94 | 15.98
\ Fe,0, 0.98 | 2.59| 1.40| 2.16 | 0.79 | 2.04 1.80 1.49 2.42 1.50| 0.87 1.61 1.98 | 1.9 2.21 1 1.32| 1.10 1.70| 1.20] 2.15 | 2.93 1.35 0.83 2.20 1.65| 1.05 1.07 1.95 2.62 | 1.51 2.56 1.98 2.42 1.27 1.43| 1.90| 1.27| 2.10 0.84| 2.03 2.30 2.70 | 2.65
FeO 1.06 | l.&4a| 1.79 | 1.52 | 1.75 | 1.45 1.67 1.44 | 1.38] 1.00| 0.93] 1.60| 2.37 | 2.38| 1.27| 1.22| 1.62 | 1.42| 1.17 | 2.04 [ 1.92 2.25( 1.92| 1.12 | 0.64 | 0.61 | 1,60 1.61| 1.71 1.12 o.61] o0.64 | 0.67] 0.63| 0.60| 3.01] 0.90| 1.84 1.27 2.12] 2.0] 1.7 | 1.70] 1.9 1.62| 1.13| 1.22| 2.00 2.09| 1.38 1.30 0.77| 0.77
I Mgo 1.35| 2.58| 2.13 | 1.99  1.90 | 1.80 2.35 1.89 2.13 1.21| 1.98 1.78 2,00 ( 2.19 | 1.82 | 1.88| 2.23 2.86| 3.60| 1.94 | 1.86 2.04 2.00 2.06 1.36| 0.99 0.94 4.2 2.28 | 2.6 1.88 257 2.82 2.02 173 2.471) L.eel 2.3 1.90| 1.78 2.08 1.84 | 1.88
Ei ca0 1.06 | 3.39| 2.18 | 2.08 | 2.51 | 1.42 | 1.48| 2.51 | 2.54 | 1.06 1.40 1.41] 2.43 2.30 282 | 2:41 | 232 241 1.93 2.98 | 1.96| 1.79 | 1.05 1.16| 1.25| 2.03 1.32 1.87] 0.88 | 0.86| 0.89 3.23| 1.06 | 1.47 1.63 2.36| 2.40| 2.43 2.14| 2.20| 2.30| 2.79| 1.65| 2.22 2.15| 1.57 1.36 0.97 | 0.95| 0.93
gNazo 3.98 { 3.89| 4.15| 3.91| 3.73 | 4.32 4.3 3.67 3.60 3.81| 4.03 4.23 3.88 | 4.00 | 4.001 | 2.86| 3.56| 3.61{ 4.79| 3.60| 3.72 | 3.78 3.65| 3.72| 3.764 | 3.84| 3.84| 3.88| 3.61| 3.91 3.83| 3.88| 3.69| 3.79 | 3.85 | 3.80| 3.77° 4-18 4.13| 4.15] 3.89 4.54| 3.63| 3.46| 3.49| 3.46| 3.50| 3.47| 3.48| 3.82| 3.87 | 3.59| 3.60| 3.62
I K,0 4,66 | 3.99| 4,20 4.47 | 4.19 | 4.39 3007 4.56 4,78 4.05| 4.25 4.12 4.08 | 3.98 | 4.58 | 5.26 | 4.49( 4.49] 3.79| 4.67| 4.51 | 5.01 4.80| 4.75| 4.46 | 6.45| 4.29| 4.30| 4.70| 4.59 .53 s.52] 4.34] 4.43 | 433 ] 435 4.1 4.24 3.89| 3.92 4.85 4.83| 4.97| 4.86| 4.93| 4.83| 4.31| 4.89| 4.98| 5.08| S5.11 | 4,57 | 4.54 [ 4.55
| Ti0 0.24 | 0.36| 0.38 | 0.36 | 0.46 | 0.34 0.47 0.37 0.37 0.46( 0.37 0.38 0.39 | 0.44 | 0.30 | 0.42| 0.42 0.58 | 0.39| 0.43 | 0.42 0.42 0.42 0.49 0.32] 0.20 0.17 0.84 0.47 | 0.47 0.48 0.58 0.61 0.41 0.25| 0.38| 0.26| 0.54 0.21| 0.48 0.42 0.47 | 0.44
P, 0 0.16 | 0.20| 0.21 | 0.19 | 0.29 | 0.19 0.26 0.20 0.19 0.22| 0.19 0.20 0.22 | 0.24 | 0.19 | 0.24 [ 0.22 0.32 0.21| 0.21 | 0.22 0.24 0.23 0.32 0.22| 0.11 0.11 0.38| 0.22 | 0.23 0.25 | 0.28 0.27 0.20 0.16| 0.21| 0.18| 0.25 0.35| 0.26 0.27 0.30 | 0.28
Total 98.85 [ 99.54 | 98.64 | 98.59 [97.95 {98.62 96.76 98.05 97.28 96.37| 97.75 96.10 98.01 [97.72 | 98.34 | 96.68 [98.04 98.05 | 98.81 | 98.28 |96.55 97.88 98.97 97.86 98.09 | 99.37 99.08 97.17] 95.44 |97.04 96.79 | 98.45 96.87 98.30 98.82 | 98.39 | 98.28 | 98.15 98.40 | 97.22 98.12 96.53 | 96.58
Ignition Loss n.d. n.d.| n.d. n.d. n.d. n.d. n.d. 2.32 3.05 n.d. 2.34 4.24 n.d. n.d. 2,03 | n.d. n.d. n.d. n.d. n.d. 3.80 2.49 n.d. n.d. o 1.56 1.53 n.d. n.d. auds n.d 2.09 2.88 n.d. n.d. n.d. | n.d. n.d. n.d. nyda n.d. n.d. n.d.
Norms
i Qz 25.13 |19.16(18.48 | 20.61 | 20.15 |20.71 15.71 24.50 21.46 . 23.60| 17.41 17.42 21.88 | 18.86 |19.77 [19.61 |21.56 8.46 | 16.39 | 22.06 [20.32 21.91 20.72 9131 24.00 | 29.00 29.79 6.89| 20.31 [18.92 21.41 | 14,98 15.16 16.57 14.28 | 17.81 | 25.35 | 18.21 22.06 | 21.19 19.31 23.03 | 23.53
é; or 26.24 | 23.5824.82 | 26.42 | 24.76 |25.94 22.28 26.95 28.25 23.93( 25.12 24.35 24.11 | 23.52 | 27.07 |31.08 |26.53 22.40 | 27.60 | 26.65 |29.61 28.37 26.32 25,35 27.77| 27.12 26.77 25.66| 26.18 |25.59 25.47 | 25.06 22.99 28.66 28.54 | 29.37 | 28.72 | 29.13 25.47 | 28.90 30.02 27.01 | 26.83
1} Pl 37.89 | 43.51| 44.56 | 41.79 | 42.12 y42.36 47.48 35.01 36.17 37.80| 44.82 45.90 39.96 |44.23 |42.60 | 34.59 |37.27 53.22 | 38.81 | 38.99 |35.76 35.07 40.21 36.95 38.39 | 36.73 36.10 44.76| 35.89 [38.37 38.35 | 45.25 45.24 42,23 46.39 | 41.00 | 36.29 | 38.91 37.99 | 35.45 7.3 33.23 | 33.35
Anorthite % §11.12 | 24.35(21.19 |20.83 |25.07 }13.70 22.65 11.29 15.77 14.70( 23.93 22.01 17.83 [ 23.48 [20.34 [30.03 [19.17 23.85 | 21.52 | 19.26 [10.55 11.94 21.31 12.06 20.42( 9.93 10.24 30.25| 10.65 [15.09 16.83 | 21.83 22475 22.05 17.20 | 25.08 | 19.32 | 24.11 22,05 | 17.18 13.36 8.58 | 8.65
| Di+Hy 4.10 | 8.18{ 6.81 [ 5.52 | 6.53 | 4.90 6.66 5.51 5.30 3.95 7.99 4.81 7.9 | 5.73 | 4.78 | 6.64 | 7.48 8.89 | 10.86 | 4.83 | 4.63 6.21 6.74 5.13 3.39( 2.47 2.34 12.79| 5.68 | 7.93 4.68 7.70 7.21 6.87 6.68 | 6.32| 3.40( 6.35 7.53| 4.50 5.18 4.58 | 4.68
]} Ap 0.37 | 0.47| 0.49 | 0.44 | 0.68 | 0.44 0.61 0.47 0.44 0.51| 0.44 0.47 0.51 | 0.56 | 0.44 | 0.56 | 0.51 0.75| 0.49 | 0.49 | 0.51 0.56 0.54 0.75 0.51| 0.26 0.26 0.89] 0.51 | 0.54 0.58 0.65 0.63 0.47 0.37| 0.49| 0.42| 0.58 0.82| 0.61 0.63 0.70 | 0.65
| Mt + 11 1.88 | 4.15| 2.75| 3.81 | 2.02 | 3.61 3.50 2.86 2.85 _ 3.04( 1.96 3.05 3.61 | 3.65| 3.47 | 2.71| 2.39 3.56 | 2.48| 3.18 | 1.65 2.76 2.00 3.12 1.65| 1.86 1.86 4.43] 2.43 | 3.08 3.61 3.97 4.67 2.62 2.54| 3.26| 2.33| 4.07 1.62| 3.85 .0 2.01| 2.05
Mehnert & Willgallis' alkalis
Na,0 3.93| 4.07| 4.17 | 4.11 | 4.12 | 3.98 4.00 3.72 4.10| 3.89 3.55| 3.59 | 3.87 | 3.93| 3.58 4.13| 3.66| 2,95 | 3.79 3.87 3.46 3.51| n.d. 3.72| 3.55 | 3.74 3.56 n.d. 3.18 3.54| 3.53| 2.80| 2.94 3.36| 3.46 3.52 3.53
| Ko 4,75 | 4.70| 4.83 | 4.79 | 4.47 | 4.72 4.34 4.72 %.35] .22 4.37 | 4.71 | 4.73 | 4.60 | 4.68 3.86| 4.74| 4.06 | 4.72 4.91 4.89 4.56| n.d. | 3.67] 4.00 | 4.92 4.49 n.d. 5.42 5.23| 5.02| 6.17| 5.78 5.00 | 4.90 5.04 5.04
Rein's Modes
Quartz 24,00 | 22,60 21.90 | 21.00 | 24.00 | 22.00 21.00 23.50 22.20| 24.00 22.20 | 21.90 | 21.10 | 22.70 | 22.20 14.00 | 25.30 | 22.70 |25.00 25.10 25.00 27.00| 30.10 | 11.70) 22.50 | 20.00 n.d. | 19.30 23.00 23.50 | 21.50 | 22.50 | 22.90 22.40 | 24.30 13.30 21.50
K-fs. 29.00 | 30.50 | 29.20 |32.80 | 26.10 | 23.00 24,00 28.10 27.00| 24.70 26.50 | 16.60 | 27.70 | 29.00 | 23.00 16.00 | 23.40 | 25.40 | 24.00 19.20 24,10 31.40| 31.50 14.40| 23.60 | 24.00 n.d. | 19.10 27.00 33.50 | 28.20 | 28.00 | 28.00 33.60 | 23.80 22.60 25.50
Plagioclase | 36.00 | 35.80(37.50 | 33.60 | 38.80 |43.00 40.00 36.50 38.70| 38.00 39.00 | 47.50 | 38.10 | 35.60 |40.10 49.60 | 38.00 | 40.70 |41.00 45.60 40.20 34.50 | 30.90 50.00 40.80 |42.00 n.d. | 45.60 35.00 32.50 | 39.70 | 39.40 | 38.00 29.70 | 38.40 51.80 39.00
Biotite 9.60 | 10.50{10.80 {12.00 | 10.70 |11.00 12.90 10.70 9.80| 10.60 11.80 | 11.30 | 12.00 |12.60 | 13.00 15.50 | 11.90 | 10.80 | 9.60 9.80 9.50 7.00| 7.40 16.60| 11.50 |10.80 n.d. || 13,50 13.00 10.40| 9.70| 9.20 | 10.30 13.20 | 13.30 10.70 11.50
Hornblende 1.30 | 0.50| 0.48 | 0.50 | 0.20 | 0.85 2.50 1.00 2.20( 2.50 0.40 | 2.50 | 0.98 | 0.08 | 1.60 4.70| 1.20| 0.30 | 0.36 0.23 1.07 0.00| 0.00 7.00, 1.40 | 3.00 nd.i| 2.3 1.80 0.00| 0.84| 0.64| 0.70 0.92| 0.01 1.47 2.40
| Apatite 0.07 | 0.06] 0.09 | 0.08 | 0.10 | 0.12 0.17 | 0.12 0.08| 0.11 0.09 | 0.11| 0.10 | 0.08 | 0.08 0.14| 0.13| 0.04 | 0.04 0.06 0.10 0.05| 0.05 | o0.1s] 0.2 0.1 n.d. 0.14 0.09 0.07| 0.05| 0.05| 0.08 0.09 | 0.12 0.09 0.06
Zircon 0.02 { 0.01| 0.02| 0.02{ 0.02 | 0.01 0.02 0.03 0.02| 0.03 0.02 | 0.02 | 0.01 | 0.02| 0.02 0.02| 0.03| 0.01| 0.01 ' 0.01 0.02 0.01| 0.0l 0.03| 0.02 | 0.02 n.d. 0.03 0.03 0.02| 0.01{ 0.01| 0.02 0.03| 0.02 0.02 0.01

*In locality number prefix R implies replicate analysis of certain oxides by same analyst; suffix D implies complete sample analyzed under coded number unknown to analytical laboratory.

lAnalyst: Kazuo Masuzawa; 2A1alyst: Shirou Imaij; 3Analysx:: Tadashi Asari; AAnalyst: Hiroshi Asari E. H' szotb‘}, Wbitfeﬂ.’ Enigmas ln asscssing the Composition Of a Iock uﬂit .
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